SCALAR CURVATURE RIGIDITY OF ALMOST 
HERMITIAN SPIN MANIFOLDS WHICH ARE 
ASYMPTOTICALLY COMPLEX HYPERBOLIC 

MARIO LISTING 

Abstract. This paper generalizes a rigidity result of complex hyper- 
bolic spaces by M. Herzlich. We prove that an almost Hermitian spin 
manifold {M,g) of real dimension 4n + 2 which is strongly asymptotic to 
(j-i-pj2n+i satisfies a certain scalar curvature bound must be isometric 
to the complex hyperbolic space. The fact that we do not assume g to 
be Kahler reflects in the inequality for the scalar curvature. 



1. Introduction 

Rigidity of symmetric spaces of non-compact type is a frequently stud- 
ied problem (cf. [21 El El EI)- Based on E. Witten's idea in the proof of 
the positive energy theorem (cf. ^H), R- Bartnik showed in |2j that an 
asymptotically flat spin manifold of non-negative scalar curvature and with 
vanishing mass must be the Euclidean space. The analogous rigidity result 
for the real hyperbolic was proved by M. Min-Oo in |9)|, in particular a 
strongly asymptotically hyperbolic spin manifold (M^,g) with scalar cur- 
vature seal > —n{n — 1) is isometric to the hyperbolic space. Moreover, 
M. Herzlich showed in 5_ that a strongly asymptotically complex hyperbolic 
Kahler spin manifold (M^™, of odd complex dimension m and with scalar 
curvature seal > —Am{m + 1) must be isometric to the complex hyperbolic 
space CH'". 

In this paper we generalize Herzlich's result in the way that we replace 
the Kahler assumption by the weaker condition: almost Hermitian. 

Definition 1. (CH™, 170) denotes the complex hyperbolic space of complex 
dimension m and holomorphic sectional curvature —4, i.e. K € [—4,-1], 
as well as Bn^q) C M is the set of all p E M with geodesic distance to 
q less than R. Let {M'^'^ , g, J) be an almost Hermitian manifold, i.e. g is 
a Riemannian metric and J is a 5-compatible almost complex structure. 
(M, g, J) is said to be strongly asymptotically complex hyperbolic if there is 
a compact manifold C C M and a diffeomorphism f : E := M — C ^ 
CH™ — -B_r(0) in such a way that the positive definite gauge transformation 
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A G r(End(rM|£;)) given by 

g{AX, AY) = {rgo){X, Y) g{AX, Y) = g{X, AY) 

satisfies: 

(1) yl is uniformly bounded. 

(2) Suppose r is tlie /*(7o-distance to a fixed point, V*^ is tlie Levi-Civita 
connection for f*gQ and Jq is the complex structure of CH"^ pulled 
back to E, then 

|V°^| + \A- Id| + \AJo - J| G L^{E; e^Volg) n L'^{E; e^Vol^). 

In particular, in contrast to the previous definition and result by Herzlich, 
a compact conformal transformation of the standard metric on CH"^ supplies 
a manifold which is strongly asymptotically complex hyperbolic. 

Theorem 1. Let (M'^""'"^, J) be a complete almost Hermitian spin mani- 
fold of odd complex dimension m = 2n + 1. If {M,g, J) is strongly asymp- 
totically complex hyperbolic and satisfies the scalar curvature bound 



(1) seal > -4m(m + 1) + 2 



\d*n\ + \v'n\ + \v"n\ 



then {M,g, J) is Kdhler and isometric to CH™". 

In this case = g{.,J.) is the 2-form associated to J, d* is formal L^— 
adjoint of the exterior derivative d and V + V" is the Dolbeault decom- 
position of 2? = d + d* in A*(TM) ^ C, i.e. if ei, . . . , e2m is an orthonor- 
mal base, we define = X^^j' ' and V" = ' ^ej- Introduce 

^ ^c* ^ith d^ := Z Ji^k) A Ve, and d^'* := - E J{ek)i-'^e,, we 
obtain V' = — \D^) as well as V" = i(D + \D^). In particular, we can 
estimate 

\V'Q.\ + \V"Q.\ < \d*n\ + \dn\ + |d^'*Jl| + |d^Jl|. 

The proof of this rigidity theorem is as usual based on the non-compact 
Bochner technique which was introduced by Witten in ^2]- We show an 
integrated Bochner-Weitzenbock formula for the Kahler Killing connection 
which allows the usage of this technique. We expect to prove a similar result 
in the complex even-dimensional case and for the quaternionic hyperbolic 
space, but because of representation theoretical problems, there will be more 
terms involved in inequality (|H). 

2. Preliminaries 

Let (M, g, J) be an almost Hermitian spin manifold of complex dimension 
m and denote by 7 respectively • the Clifford multiplication on the complex 
spinor bundle /^M of M. decomposes orthogonal into 

(2) $M = $^®---®$^ 

(cf. inilHl) where each is an eigenspace oi VL = g{.^ J.) to the eigenvalue 
i(m — 2j). We denote by tTj the orthogonal projection — > The 
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decomposition Q is parallel (i.e. VtTj = for all j) if (g, J) is Kahler. As 
usual we introduce X^'° := i(X - iJ{X)) as well as X^-i := ^{X + iJ{X)) 
and obtain j{X^'^) : ^j+i ^^^^ tI-'^'^'"'^) '■ $j ~^ ^j-i^ where 

= {0} if j^{0,...,m}. 

Supposing {g, J) to be Kahler and m = 2n + 1 to be odd, then a Kahler 
Killing spinor (cf. 0) is a section in © ^n+i which is parallel w.r.t. 

Vx + AC (7(^''°)^n + 7(^°'')vrn+i) . 

In particular, if there is a non-trivial Kahler Killing spinor, g is Einstein 
of scalar curvature Am{m + Moreover, the subbundle ® ^n+i 

trivialized by Kahler Killing spinors on CH"^ if we choose k = iti. 

3. Bochner-Weitzenbock formula 

Suppose (M, g, J) is spin and almost Hermitian of odd complex dimension 
m = 2n + 1. We define V := © '^n+i' projection pry := vr^ + vr„+i and 

Tx:=i(7(^^'°Kn+7(^°''K+i). 

Since (7(X-'^''^)7rj)* = — 7(X*^'^)7rj+i, T is a selfadjoint endomorphism on V 
(respectively ^M). Define the connection V := V + T on ^M. The Dirac 
operator of V is given by = + T where !^ is the Dirac operator of V 
and T equals 

-i(m + l)pry 

in this case we used (cf. [5]) 

(3) ^ efc • e|.'° = -m + i7(0) and '^ek ■ e^"^ = -m - i'y{Q). 

k k 

Since 'y{X)T is not selfadjoint on the full spinor bundle, we consider instead 
T := — i(m + 1) as well as the Dirac operator := 'p + T. 

Proposition 1. Let {M,g,J) be almost Hermitian of odd complex dimen- 
sion m, then the integrated Bochner-Weitzenbock formula 

dN N 

holds for any compact N C M and (p,tp T{!^M). In this case v is the 
outward normal vector field on dN and 9^ is given by 

+ ■m{m + 1) + (m + l)^pri;x + (5T 

while pry± is the projection to the orthogonal complement of V in and 
is the divergence of i.e. = X^(Ve^.T)ej . Moreover, the boundary 

operator Vj^ + u - Tf) is selfadjoint. 
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Proof. The essential facts are (Tx)* = 1x and (7(X)T)* = 7(X)T.^In 
particular, since Vi, + ly •'p is a, selfadjoint boundary operator, + v -"p is 

selfadjoint. The formal L -adjoint of is given hy = p — T. Thus, we 
can easily verify 

N dN N 

as well as = p^ + {m + lf. Moreover, using (Tx)* = Ijc on leads 
to 

N N 

= j (V^v? + T^<,9,V) + j (V*V99,^) + 

dN N 

+ J (T(^,T^) - (5l99,V) 

for all ip,iJ e r(^M). We use the facts Trj-f{X)Trj_i = 7(Xi'°)7rj_i and 
'iTj^{X)'iTj^i = 7(X'''^)7rj_|_i as well as © to compute 

k k 
= (m+ 1) (pry99,V') . 

In particular, the Lichnerowicz formula = V*V + gives the claim 
with 

□ 

Lemma 1. Suppose inequality ^\) of the main theorem holds, then at each 
point of M , y{ has no negative eigenvalues: 9^ > 0. 

Proof. We have to find an estimate for 5%. Let ei, . . . , e2m be normal coor- 
dinates at TpM with Cm+j '■= Jej in p. We obtain 

2m 

^ 2m 
= 2^i^J)i'^n - VTn+l) + • Ve^TTn + 6°'^ ■ Ve^7r„+i^ . 

Thus, we have to estimate V xT^r for r = n,n + \. We conclude from 

7r„7(J7) = ITTn 

(Vxvr„)(i - 7(^^)) = ^nl{Vx^) 
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as well as from 7(r2)7r„ = ivr^ 

(i - 7(0))(Vxvr„) = 7(Vx^^)vr„. 

Using the facts 7rn(Vx7rn)vrn = and i — 7(0) = X^j^^CjVTj with \cj\ > 2, 
iVxTTnl can be estimated by ^jVxf^l- Thus, 



2m 



2m 



< 



1 



j=l 3=1 

leads to 

2m 

i=i 

if 7r„(^) = 0. Moreover, 

2m 2 

E7(e]'°-Ve,J^)7r„ = E7(e]'")(i-7(i^))(Ve,vr„ 



7(P'n)<^|, 



2m 



2m 



-E(i + 7(f^))7(e]'°)(Ve,7r„) 



shows 



2m 



1 



< -\l{V'n)cp\ 



if (f> e 1^^, in this case we used 7r„+i(ej'° • Vej7rn)7rn = and the fact that 

i+7(S7) has absolute minimal eigenvalue 2 on The same method applied 
to TTn+uin) = -iTTn+i and 7(J^)7rn+i = -i7r„+i yields 

2m ^ 



< -\v"n\. 
- 2' ' 



Therefore, we obtain 



|5T| < - (|d*Q| + \V'n\ + 



which gives the claim ^ > 0. 



□ 



4. Proof of the theorem 



Lemma 2. Suppose {M,g) is a complete spin manifold of real dimension 
2m. If the scalar curvature is uniformly bounded with seal > — 4m(m + 1), 
the Dirac operator 

f = 'P -i{m+l) : W^'^{M, $M) L^{M, $M) 

is an isomorphism of Hilbert spaces. 
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Proof, (cf . El E] ) Using the Lichnerowicz formula proves that the bihnear 
form B{^p,jp) = is coercive and bounded on W'^'^{M,^M). 

The surjectivity of 'p follows from the Riesz representation theorem and ^ 
Thm. 2.8]. □ 

Let (M, g, J) be an almost Hermitian spin manifold which is strongly 
asymptotically complex hyperbolic, where C M is supposed to be the 
Euclidean end of M. We consider the connection V = V + T on and the 
connection V*^ = V'^ + T'^ on ^M\e, where V*^ is the Levi-Civita connection 
and %^ is the Kahler Killing structure for the complex hyperbolic metric on 
E. The bundle V° C $M\e is triviahzed by spinors parallel w.r.t. V . 

The gauge transformation A extends to a bundle morphism A : $M\e — > 
$M\E with (cf. [U) 

IV99- V(/j| <C\A-'^\ |V°A| \^\ , 

where V is the usual spin connection for g and V is a connection on $M\e ob- 
tained from the connection V on TM\e ^'^^ given by Vl" = A{SI^ {A~'^Y)) . 

Let ijjQ be a spinor on E d M which is parallel with respect to V*^. Set 
ij) := h{AipQ) for some cut off function h, i.e. /i = 1 at infinity, h = in 
M — E and supp(d/i) compact. We compute 

Vxi^ ={Xh)Ai,o + hiVxAi^o + Tx(^V'o)) 

= {Xh)Ayjo + h{Vx - Vx)A4;o - hA%\ijQ + h^xAi^Q 
and thus, the asymptotic assumptions supply 

VV' G L^{M,T*M $M) 

and 

(4) + eL^{M) 

(IV'olo can be estimated by ce^^ for some c > 0). Using the above lemma gives 
a spinor ^ G T^^'2(M, $M) with = ^^/; G L^. In particular (yj := V - C is 
!^-harmonic and non-trivial {ip ^ L?'). Moreover, the selfadjointness of the 
boundary operator V y + v - ip together with Q implies as usual 



liminf / (v + v ■ = ^ 

r— >oo J \ I 



dMr 

for a non-degenerate exhaustion {Mr} of M (cf. 1 ). Since inequality ^ 
gives 9^ > 0, we conclude from the integrated Bochner-Weitzenbock formula: 



dMr Mr 



>o, 
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that ip is parallel w.r.t. V. Since = ipip = Tf>ip — i(m + l)pry(/9 and 
= Tp^p = — i(m + l)(y9, we obtain that (/? is a section of V = © $n^\- 
Furthermore, V*^ is a flat connection of V*^, so V is trivialized by spinors 
parallel w.r.t. V. In particular, Vx preserves sections of V. Since V is flat 
on V, i? = implies 

= Rxy + Px,1y] + (VxT)y - (VyT)x 

on V. A straightforward computations shows that (Vx'J)y and (VyT)x 
are Hermitian on V for all X^Y (use the fact (Tx)* = ^x)-, but R^y as 
well as [Txj'Jy] are skew-Hermitian on V which leads to 

(5) = i?3,,y + [Tx,Ty]. 
From the fact (cf. |Sj) 

7(Ric(X))=2^e,.i?^^,^ 

i 

and equation Q, we conclude Ric(X) = —2(ra + \)X (cf. i.e. g is 
Einstein of scalar curvature —^m{rn + 1). Inequality yields d*r2 = as 
well as V'?t = and V"Vl = 0. In particular, P' + = d + d* supphes 
dSl = 0. Therefore, if J is integrable, (<?, J) must be Kahler (cf. [3 p. 148]) 
and we could use the result by Herzlich to get the claim. However, we did 
not assume J to be integrable and in order to prove the general case, we 
compute the Riemannian curvature of {M,g, J). We have 

[Tx,Ty] =(yi'0.x°'i.-xi'°.yO'i.K+i+ 

+ (yO,i . xi,o . _^o,i . yi,o.)^^ 
= - ^-f{X AY + JXA JY){7rn + vr„+i) + 

+ in{X,Y)TTn+l-in{X,Y)TTn 

as well as Rxy ~ ^"fi'^i-^ ^ ^))' where TZ is the Riemannian curvature 
considered as endomorphism on A^M. Thus, we obtain 

-f{n{X AY) - X AY - JX AJY -2n{X,Y)n)cp = 

for all ip E r(V) from © and 7(0)7r„ = i7r„, 7(r2)7r„_(.i = — i7r„_|_i. In 
particular, the following lemma shows 

(6) piAi.iM o ^(A: AY) = X ay + JX AJY + 2Q{X, Y)n. 

Lemma 3. Suppose {V, q) is a vector space of real dimension 2m with a qua- 
dratic form q and a q-compatihle complex structure J. Denote by S = (BSr 
the spinor space of V where Sr are induced from the action of the Kahler 
form Q. Choose I := [^^^], then if rj £ A^'^V annihilates Si S'z+i, i.e. 

r] ■ ip = 

for all Ip £ Si (B Si+i, rj has to vanish. 
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Proof. Suppose that m is even. The only A ' y-forms which annihilate Si^i 
are multiples of 0, (cf. __5^ ) . But 17 acts as 2i on Si which shows the claim if 
m is even. Assume that m is odd and r/ • -0 = for all ■0 £ 5*/ © Si+i. We 
consider the vector space V®C^ with its spinor space S'^C^. Since Clifford 
multiplication with A^V satisfies 

• (-0 (g) 9?) = • 0) (g) v?, 

and {S^(D'^)i+i is given by S"; C © Si+i © C, we obtain • = for 
all ^ £ (S'ic2)i+i. Thus, A^'^V C Ai'i(y © C^) together with the above 
case (m even) implies that is a multiple of 17. But 17 acts as ±1 on Si 
respectively Si^i which shows the claim: rj = 0. □ 

Using equation the symmetry of the Riemannian curvature tensor 
and n £ r(Ai'iM) lead to 

{n{Q),x A y) = {n{x a Y),n) = 2{m + i)q{x, y). 

Consider the Bochner-Weitzenbock formula on A^M: 

A = d*d + dd* = V*V + ^, 

then 9^ is given by Ric + 27^ (cf. Ap. B]), where Ric acts as derivation on 
A^M. We already know, that g is Einstein, i.e. Ric = — 4(m+ l)Id^2^,/ sup- 
plies fH(r2) = 0. Moreover, dl7 = and d*17 = imply that 17 is harmonic: 
A17 = 0, i.e. we obtain V*V17 = 0. Using the fact 

= A|17p = d*d[17p = 2 (V*V17, 17) - 2 (V17, V17) 

we conclude that {g, J) is Kahler. Thus, TZ : A^M — > A^'^M together with 
© yield constant holomorphic sectional curvature —4 of {M,g,J). Since 
the end of M is diffeomorphic to IR^"^ — i?/j(0), M must be isometric to 
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